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SUMMARY

The signed square root statistic R typically has cumulants on the form
cump(R) = b2 + n‘gkp + O(n‘%?). This paper shows how to compute
k, without invoking the Bartlett identities. As an application, we show
how the family of alternatives influences the coverage accuracy of R, and in
particular that a bad choice of family can lead to arbitrary undercoverage

for confidence intervals based on R.
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1. INTRODUCTION

The Bartlett identities are one of the most powerful tools available in likelihood theory. The
general set of identities go back to Bartlett (1953 a, b), though earlier versions exist in the form
of the so-called Wald identities. The first two identites were crucial in the early development of
likelihood theory — Fisher, Neyman and Pearson, Cramer and Rao. Generalizations of the identites

can be found on Skovgaard (1986), McCullagh (1987), and Mykland (1994, 1995b), among others.

Since their publication, these identities have been used for a variety of purposes, most notably
the analysis of the higher order asymptotic behaviour of the likelihood ratio statistic and its square
root R. This literature starts with Lawley (1956); contemporary research includes McCullagh
(1984, 1987), McCullagh and Tibshirani (1990), DiCiccio and Romano (1989), DiCiccio, Hall and
Romano (1991) and Andrews and Stafford (1993), to mention some. (There is also the parallel
research done with saddlepoint type methods, as in Barndorff-Nielsen and Cox (1979, 1984) and
Barndorff-Nielsen (1983, 1986, 1991), and the papers by Barndorff-Nielsen and Wood (1995).
Jensen (1992, 1995, 1997) and Skovgaard (1990, 1996) discussed below). In addition to aiding the
computation of coefficients in expansions, the identities can also be used to establish asymptotic
normality and the existence of asymptotic expansions (as in the case of martingales in Mykland

(1994, 1995b)).

There is, however, also a dark side to these identities. Computations are often long and
tedious, and the answers can be hard to verify. This can to some extend be remedied with sym-
bolic computation, but writing such programs is also no simple task. We believe that this is the
general experience of research workers in this area, and we certainly speak from painful personal
experience, having spent a month in the Spring of 1995 to show that cums(R) = O( n‘%) using
Taylor expansions and Bartlett identities (to laugh and/or cry with the author, have a look at
the (unpublished) technical report no. 411 of the Department of Statistics at the University of
Chicago).

As demonstrated in Mykland (1996), however, one can circumvent these identities to show
that, in fact, cum,(R) = O(n~%). This is done by deriving cumulant behaviour from the large
deviation results of Barndorff-Nielsen and Wood (1995), Jensen (1992, 1995, 1997) and Skovgaard
(1990, 1996).




The purpose of this paper is to show that one can take this further — that these large deviation
techniques not only help for orders of convergence, they also help the computation of coefficients.

Specifically, it will normally be the case that
cum,(R) = b2 + n'gk,, + O(n"%—z) : (1.1)

(see Wallace (1958), Bhattacharya and Ghosh (1978), Hall (1992), and Mykland (1996)), and we
shall show how to find k,. Similar methods seem capable of yielding higher order terms in the

expansions of the form (1.1).

In the following, we first discuss how Edgeworth and large deviation expansions hang to-
gether, and we state a result which gives the form of the generating function of the k,’s. k3 and
k4 are given explicitly (k; and k; are previously known). A more rigorous development involving
curved exponential families is given in Section 4. Meanwhile, in Section 3, we show how these
results can be used to analyze the effect of the alternative on the null distribution of R, and how

this affects the difference between nominal and actual coverage of confidence intervals.

It should be emphasized that we are not completely doing without the Bartlett identities. The
coefficients come up again in the formulae we derive, see, e.g., (2.9), and we invoke the identities
themselves in Section 3. The Bartlett identities remain a powerful presence in likelihood theory,

even if one can sometimes do without them.

2. THE MAIN FORMULA

If an asymptotically normal statistic has density f, and cumulant generating function K,

the saddlepoint approximation has the form

3 = ————1 ) — 7. K (F 0
fa(nZh) = (271_1(;{(%“))% exp(Kn(fn) = 7K (F2))(1 + o(1)), (2.1)

where K] (7,) = nzh. This goes back to Daniels (1952), see also Theorem 1 of Chaganty and
Sethuraman (1985) and Theorem 1 of Mykland (1996). If we are dealing with the signed square

root statistic R,, whose cumulants are of the form (1.1), it is easy to Taylor expand (2.1) to get




the following. First of all,
1
fn(nzh) (2.2)

Eh = limp—eo 1
() = e )

exists — ¢ being the standard normal density. Also,
1, .2, 1,3

Following the development in Section 4, we get the following formula for €.

THEOREM 1. Let

£(B) = lim (a(B) — £x(B0)) /0 (2.4)

and

J(B) = —lim £,(B)/n (2.5)
where the limits are in probability under Pg. Set

h(B) =2 sign(8 — Bo)(B)"/2 (2.6)

Then £ (under Pg,) is given by
I3}
£€: h— J1/25§. (2.7)

In Appendix 1 we show that

~ 1 1 .
0p) ~ - > ;!(ﬂ — Bo)P Y kb(gi, ey giyeum (6D, g0 B ), (2.8)

~ s

p22 g1 times g times
where the second sum is over all g1, 2, ... so that ¢; + 2¢2 + ...+ kgx + ... = ¢, and where the bs
are the coefficients in the Bartlett identities, i.e.,
b _¢__
(‘Il,---v%) - H(k!)qqu' (29)

(see, e.g., p. 159 of Barndorff-Nielsen and Cox (1989)). Similarly,

1 1 ~
J(B) ~ ~~ > H(ﬁ ~ Bo)* > b(g1, -ory ge)eum (£, 61 BB ), (2.10)

p>2 h

q1 times gk times




where
~ 1 p+2 r
501100100 = a1 0) 5y 2 (2) o (2.11)
2 r=2

Finding the expression for the function (2.7), therefore, is purely a matter of inverting the function
h — (3, and then plugging it into J (8)1/? and also differentiating it. This is easily done by symbolic
manipulation software; we have used Maple (Cher et al. 1991) to get the expressions ( 2.12) and
(2.13) below. k; and ks are all well-documented in the literature, see, e.g., McCullagh (1987), p.

214. Here. we therefore give

-9/2 17 7
k3 =cy; " |—cicnca + 761116116112 + 7 curéucun

125 1 3
aTY C‘rfu + 631623 3 Cflcus 3 63161112
3
—1—0 631011111] (2-12)

and

— =6 45 3 2 9 ,
ks = ci7 | = c11€112€1111 — — €111€771€23 — 5 €11C22€1111
4 3 8

45 1465 4 9 5 2
7 ‘nfafnz + Taa C111 7 5 ‘e

45 33
2 2 2 2 3 3
+ 7 i + 12 Cucun — 6 cyyc24 — 8 ci1C114

-3 333 — 12 ¢S c1m13 — 5?1 3y c1122
21 4 13 4 3 3

9 Ci11€11112 — > €11€222 — 1 €11C111111
113 , 435 , 341 ,

+ 2—4 €111€11€22 — E C111€11€112 — '27 €111€11€1111
19

2 2 2
+ 3 c111¢11€113 + 3 cincyicize + 16 + cinieqiciiie

+3 cri1cdieinn — 8 ¢§yeras) (2.13)

where ¢y, ~ cum(£(®), ..., £())/n, and where we have adopted the convention from McCullagh

(1987) of using a parametrization where ¢;, = 0 for ¢ > 2.




Note that in i.i.d. problems, the form of { and J are particularly straightforward:
(B) = E(ta(8) - a(Bo)) exp (41(B) = 1(60)) (2.14)

and

J(B) = —E£y(8) exp (£1(8) — t1(Bo)) - (2.15)

Finally, observe that the above viewpoint gives a new formula for an R* statistic,

1

v 2.16
7 log 7 (2.16)

R* =R+

Various forms of U have been investigated, see, in particular Jensen (1992, 1997) and Skovgaard
(1996). In view of the development in Jensen’s papers, it is clear that (in curved exponential and

analytic families), one can take

U = R/E(R/VR). (2.17)

This has the right unconditional large deviation coverage up to O(n~1), though, obviously, the
conditional convergence properties are probably lost. This R* is a function of R, and it can be

seen as a large deviation version of Cornish-Fisher inversion.

3. THE AcCURACY OF CONFIDENCE INTERVALS

One of the least studied phenomena of likelihood theory is the impact of the alternative
on the coverage accuracy of confidence intervals. At first, this may seem like a contradiction in
terms — coverage only concerns the behaviour of a statistic under the null hypothesis. The family
of alternatives, however, sets up the likelihood function from which R is derived. Hence, different

alternatives lead to different Rs, and hence to different behaviour under the null distribution.

From a traditional likelihood perspective, this may seem like a strange consideration, as the
likelihood is determined by the actual family of alternatives. Recent years, however, have seen the
increasing use of likelihoods that are designed to work under a multiplicity of null distributions,
and such likelihoods need a pragmatic and sometimes deliberately wrong specification of the family
of alternatives. Examples of this include the partial (Cox (1972, 1975), Wong (1986)), projective
(McLeish and Small (1992) and dual (Mykland (1995a), Kong and Cox (1996)) likelihoods.




Since there are, therefore, several likelihoods that can go with the same alternative, it raises
the question of how to compare them. The debate has been particularly acue in connection with
empirical/dual likelihood, see Corcoran, Davison and Spady (1995) and Section 6 of Mykland
(1996).

The debate has mainly been one the accuracy of possible procedures. This is because the
dual and true likelihoods have the same power to first order in contiguous neighborhoods (Mykland
(1995a), Section 5), and hence, typically, also to second order (Bickel, Chibisov, and van Zwet
(1981)). And also because to third order, though the two do not have the same power, sometimes

one does better, sometimes the other (Lazar and Mykland (1997)).

The formulae in the previous section permit us to characterize the impact of the alternative
on accuracy. Consider the following setup: we are looking at log likelihoods ¢ having the same
score £, but where we can otherwise vary 2, é, and so on, as we see fit. £ being a log likelihood
implies that var(f) + E(E) = 0, so first and second order efficiency only depends on £. The only
restriction we impose is that cov(f, Z) = cov(é,z) = --- =0 (as in McCullagh (1987), Chapter 7),

since this can be done by a reparametrization which does not alter the statistic R.

The expansion for the density f, of the signed square root R is

1 1
Fal(r) = (1) {1 +(n" 3k + no3k)ha(r) + 5 1 haha(r) + 55 n”2ksha(r) + O((r* + 1)n'2)} ,
(3.1)
where hy(r) is the ¢’th Hermite polynomial. (3.1) doubles as an Edgeworth and a large deviation

expansion (cf. Chaganty and Sethuraman (1985)). In the same notation as (2.12)—(2.13), we have

that
ko=~ Pen1/3), (3.2)
— |1 1 1 _ 17 9
1 =k - 0112 [1623 + 161112 + ﬁcus] - 61136111 [ﬂcuz + Igcm] (3.3)
and
5|1 1 1 7 _
k2 = 0112 [2022 —ptu2 161111} + 1—861136%11, (3.4)

where E’l is the corresponding quantity for an exponential family with the same score. k; and %,

comes from p. 214 of McCullagh (1987); k7 is derived in Appendix 2. Note, incidentally, that the




k, can depend on n to the extent that the ¢’s do. One could also, obviously, expand the ¢’s in
orders of n, but that would only deepen the messiness of expressions.

It is clear from this that the convergence error at the n~% level is fixed by the score £, the
n~! behaviour depends on the score and é, the n=% behaviour on f, ¢ and E, and so on. In itself,
not particularly surprising.

What is surprising, however, is that there is a radical difference between what can go wrong
at the n~! level and the n~2 level. We shall argue below that a bad choice of ¢ can result in
arbitrary overcoverage, but limited undercoverage. On the other hand, a bad choice of { can also
lead to unlimited undercoverage. The latter is, obviously, particularly dangerous.

The thing is, that ks is quadratic in é, with positive sign in front of the square term. Set
21 =160+ af — 2var(f), where [¢, ] is the observed (optional) quadratic variation of £, and where
a = —cov(£,[¢,€])/var(f). Suppose that ¢ = 21,' + m + R, where m is a martingale orthogonal to
f,and R is O,(1) and asymptotically independent of l, [Z,E] and m. This will be the case in most
regular situations; the independent case is obvious; for Markov chains, see p. 448 of Jacod and
Shiryaev (1987); for mixing sums, see Ch. 5 of Hall and Heyde (1980), or also Jacod and Shiryaev
(1987). By the Bartlett identities for martingales (Mykland (1994),

cov(élf, m) = cum(é, £, m), (3.5)

and hence

1 1
ky = koys + Zc;lzgvar(m) + o(1), (3.6)
where k3¢ is the value of k; when 21 7 is taken as the second derivative of £. Thus,
kg > k‘sz + 0(1), (37)

establishing our claim about limited undercoverage at this level.

The coefficients in the n~3/2 term, however, tell a different story. In both k3 and K, ¢ enters
linearly. If we focus on k3, let { and £ be given, and consider a zero mean martingale m, orthogonal
to é, so that

cov(f,m) — Ecum(lf, £,m) =vn + o(n), (3.8)




where v # 0. Replace the original ¢ by fo, =1 + am. The new Ea satisfies the third Bartlett

identity (and is hence a valid third derivative of £), and also cov(z'a,é) = 0. In this setup,
-5/2
k3o = ks + acyy' ‘v +o(1), (3.9)

which can take on any value. In other words. both under- and overcoverage is potentially un-

bounded at this level.

4. CUuRVED EXPONENTIAL FAMILIES

For a more rigorous development, consider a curved exponential family

£a(8) = £alBo) + (B = Bo)in(B) + 58 ~ B1)*E(Bo) + .. (4.1
of order p (i.e., terms of order p + 1 and higher are nonrandom). We shall consider R for testing
Ho: B = Bo. Suppose that there is a valid saddlepoint approximation to the density of the vector
(€a(B),...,£)(B)). One can then proceed as follows.

Begin by fixing 31 # Bo. Then reparametrize the family as in Section 7.2.3 (p. 204-207) of
McCullagh (1987) to make covg, (£(1),£9(B)) = 0 for 2 < ¢ < p. Tt is clear from McCullagh

that this is accomplished by using parameter ¢, given by ¢, = 3, and

2covs, (6(81), £(6r))

g (4B))

#B)— b1 = B~ o+ 5(5~ 1)

_ Ead(B(e(8) - £B0)

varg, (6(5) (42)
Hence
¢o— 1 = d(Bo) — 01
_ 55Ea9(4(B) — £(Bo)) 5=,
Eg, 4(61)
LBy )




as n — oo under Pg. Here g(z) = (z — 1)e®, which can be replaced by g(z) = ze® since

Ep, exp(£(B1) — £(Bo)) = 1. In the new parametrization, the null hypothesis is ¢ = ¢o.

Now embed £,(8) — £a(Bo) in 2 full exponential family. In the notation of Jensen (1997)
(which we shall be using in the following), T, = £9) /g'n. Note that we do not require the T,’s to

be means, only that the saddlepoint approximation hold.

Our larger family is then (in the new parametrization)
: 1
£a($0) + O1kn(B0) + -+ By 57 (60)-

A reparametrization of the ’s is given by

b,=¢

and

0p = dby for £2>2 (4.4)

(in Jensen’s notation, ¢ is o and by is B¢). A corresponding sequence of null hypotheses is

BV : =40
and

HY: by=1 for £>2. (4.5)

Hence, H((,l) is our original null hypothesis.

Let the %,’s be chosen as in Section 3 of Jensen (1997). In view of Section 2 of the same

paper, the joint density of (R1, RL2,. .., RLp) is, in a large deviation region,

p

1 h
(2m)?/2 ﬁ_i'eXP (‘%"f - %Z "Zi) {1+0(n"h)}. (4.6)

=2
Note that Ry = R. By using Skorokhod embedding, it therefore follows that, under Pg,,

(R|RBL2,...,RL,) R _
oo |¢L(33) Lp)zﬁil{HO”(" H}. (4.7)
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Clearly, R1/+/n = h(B1)(1 + 0,(n~'/%)), where h is given in (2.6). Hence, if we can show that
oV = (61— 40)T (B2 {1+ 0, (/D) }, (438)

it follows from (4.3), and by averaging over (Rrz2,. .., Ry p), that

foo(R) _ J(B1)**h(B1) 12
oD - gy L )

op -

—_ 11/20.197 1/2

= J13(6y) 2 () {1+ 0,077} (4.9)
under Pp,. Again by Skorokhod embedding, we get

THEOREM 2. Under the above assumptions,
1/2¢ 98 ~1/2
foom(r) = $(r)TVHB) g k) {1+ O™} (410)

in a large deviation region |h| < ¢, with h = 7/n. .

Theorem 1 is an immediate corollary.

It remains to show (4.8). In Jensen’s (1997) notation,

Bt = (B — B 05— 057 By — 0L B~ (B (BD) - (BT (AL - (B1y)
(4.11)
where §; — (3571)" is the term in the £’th column. Note that (B4)F is B:7! raised to power k, which

is the only instance of power notation in (4.11).

Since corr(Ty,T¢) ~ 0, (note that this is where the reparametrization above is used), g5 -
(B571)¢ is Op(n~'/%) but not op(1). On the other hand, for £ > 2, Bt =Bt = 0y(n1). Hence, for
£>2,

9t — 61 = (0,05 - 6571, 05— (BHL0,...,0) + Op(n7h). (4.12)

Hence the determinants in equation (7) in Jensen (1997) can be evaluated by multiplying the
diagonal, and so (5.8) follows. Note that in the above argument, if T, is zero, one just deletes line
and column ¢ and makes the appropriate modification to the next column. This does not affect

the result.
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APPENDIX 1

Obviously, if g(z) = ze®,

{(6) =~ ~ B3 (¢(6) - (60))

1
= L Ep,g (4(6) - £60)), (ALD)
so that the p’th derivative is

£9)(3) ~ ;I;Eﬁo Z g9 (0)e(q, - - -, 2)(Bo)™ o f) (g )2 (A1.2)

q1+2q2+-+vqu=p

which yields (2.5) since g(*)(0) = v and since moments can be replaced by cumulants in the above.

The latter can either be seen by direct computation, or by observing that the right hand side of
(Al.1)is O(1).

To find J, note that

36_;92([3) exp(£(8) — £ Bo)) = Z <f) o(r+2) Z C(‘Ih N qv)(é)% .. .(g(v))% (A1.3)

r=0 q1+2g2+-+vgu=p—r

which gives (2.7) for the same reasons as used above, and because

p
~ p
c(ql’ LR q‘U) = Z (7’) C(Qla e Qr415qr+2 — la qr+435- -+ q‘U)’ (A14)

r=0

which gives (2.12) by direct computation, using (2.6).
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APPENDIX 2

This is the calculation of (3.3). The expectation is calculated by the Taylor expansion
method as we need an additional term in E(Ry) to that provided by Theorem 1. In principle, the
technology used to derive Theorem 1 can also be used to get higher order terms (like &), but since
we are just looking for an expectation, this is a little like shooting sparrows with cannons. If one
were looking for higher order terms in higher oder cumulants, an extension of Theorem 1 would

greatly ease one’s life.

The derivation is here done in the multivariate setting. We shall use the notation in McCul-
lagh (1987). In the univariate case R = WVl By adding the 0,(n~%/?) term to the stochastic
expansion (7.15) on p. 214 in McCullagh (1987), one gets that

W, =W, +n~Y%2.,2°/2
+ 0 Y2, Z° 28 3!+ (Vrstu + Vrsitu)2° 20 2" [4]
432,527 2,/8 + 5215 2: 2" [12}
+ n—3/2{(Vrstuv + Vr,s,t,u,v)ZsZtZqu/5!
+ 11(Vpstu + Ur stV Ve 224 2V 27 [144 + U}

4+ 0,(n7?) (A2.1)

where W, is the corresponding quantity for an exponential family alternative with the same score
as the original alternative, and where U is a generic term referring to a linear combination of
products of 4 Z’s, at least one and at most three of which is a higher order derivative. It follows

that
EW, = EW,
—3/2¢,.8,0, .t iotgouk
+n / {vr'v JVrst,i,j/3! + (Vrstu + Vr s,V V7 08 Vi /4!
+ 31/3"1/t’11/r3‘ij,t/8 + 5VTs,t,u1/“"/12

+ 3(Vrstu‘u + V'r,s,t,u,v)Vs,tVu’v/s! + 11(Vrstu + Vr,s,t,u)Vs’vl/vwzl/t'ul/wvr/48}

+0(n=%?) (A2.2)

Simplifying to univariate notation gives (3.3).
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